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Abstract
We show that two, non interacting, infinitely long spin chains can become globally
entangled at the mesoscopic level of their fluctuation operators through a purely noisy
microscopic mechanism induced by the presence of a common heat bath. By focusing on
a suitable class of mesoscopic observables, the behaviour of the dissipatively generated
quantum correlations between the two chains is studied as a function of the dissipation
strength and bath temperature.
The presence of an external environment, typically a heat bath, modifies the dynamics of
quantum systems in interaction with it, leading in general to loss of quantum correlations
due to decohering and mixing-enhancing effects [1]. Nevertheless, it has also been established
that suitable environments can enhance quantum entanglement instead of destroying it [2].
This mechanism of environment induced entanglement generation has been extensively
studied for systems made of few qubits or oscillator modes [3], and specific protocols have
been proposed able to prepare predefined entangled states via the action of suitably engi-
neered environments [4].
Instead, in this paper, we study the possibility that entanglement be created through
a purely noisy mechanism in many-body systems. In a quantum system made of a large
number N of constituents, accessible observables are collective ones, i.e. those involving
the degrees of freedom of all its elementary parts. For these “macroscopic” observables, one
usually expects that quantum effects fade away as N becomes large, even more so when the
many-body system is in contact with an external environment. This is surely the case for
the so-called “mean field” observables, i.e averages over the whole system of microscopic
operators; these quantities scale as 1/N and as such behave as classical observables when
the number of system constituents becomes large.
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Nevertheless, other collective observables exist that scale as 1/
√
N and that might re-
tain some quantum properties as N increases [5, 6, 7]. These observables have been called
“fluctuation operators”, since, as we shall see, they physically represent some sort of devi-
ations from mean values. The set of all these fluctuation operators form an algebra that,
irrespective of the nature of the microscopic many-body system, turns out to be always non
commutative and of bosonic type, thus showing a quantum behaviour. Being half-way be-
tween microscopic observables (as for instance the individual spin operators in a generic spin
systems) and truly macroscopic ones (e.g. the corresponding mean magnetization), the fluc-
tuation operators have been named “mesoscopic”: they are the place where to look for truly
quantum signals in the dynamics of “large” systems, i.e. in systems in which the number of
microscopic constituents is let arbitrarily growing at fixed density (thermodynamical limit).
Although the characteristics and time evolution of the fluctuation algebra have been exten-
sively studied in many systems [6], very little is known of its behaviour in open many-body
systems, i.e. in systems immersed in an external bath. This is the most common situation
encountered in actual experiments, typically involving cold atoms, optomechanical or spin-
like systems [8, 9], that can never be thought of as completely isolated from their thermal
surroundings. Actually, the repeated claim of having detected “macroscopic” entanglement
in those experiments [10, 11] poses a serious challenge in trying to interpret theoretically
those results [12, 13].
Motivated by these experimental findings, in the following we shall show that quantum
behaviour can indeed be present at the mesoscopic level in open many-body systems provided
suitable fluctuation operators are considered and, even more strikingly, that entanglement
can be induced in mesoscopic observables by the presence of the external bath.
We shall consider a many-body system composed by two spin-1/2 chains, one next to
the other, immersed in a heat bath at a given inverse temperature β = 1/T . Each site of
this double chain, actually composed by the corresponding couple of sites in the two chains,
will be labelled by an integer k = 1, 2, . . . , N . In this situation, the thermodynamical limit
corresponds to letting the total number of sites N going to infinity.
A spin algebra M, corresponding to the tensor product of two spin-1/2 algebras, is at-
tached to each site; its elements at site k, x(k) ∈M(k), are then of the form x(k) = x(k)1 ⊗x(k)2 ,
where x
(k)
1 , x
(k)
2 are spin algebra elements pertaining to the first, second chain, respectively.
The algebra M clearly coincides with the algebra of 4 × 4 complex matrices and a conve-
nient basis in it is given by σµ ⊗ σν , µ, ν = 0, 1, 2, 3, where σi, i = 1, 2, 3 are the usual Pauli
matrices, while σ0 is the unit matrix. For any finite set I of contiguous sites, one defines the
finite-size tensor algebra AI = ⊗k∈IM(k); the union A of all these algebras, A = ∪IAI , is
called the quasi local algebra and the observables of the system clearly belong to it.
A state ω for the system is a linear, positive, normalized functional on the algebra A,
ω : A → C, assigning the expectation value ω(X) to each elements X of A. For finite
N , it can be represented by a density matrix ρ through the identification ω(X) = Tr[ρX];
however, since we are interested in the thermodynamical limit, it is more convenient to work
in the abstract algebraic formulation [14].
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Since the two chains can be thought to be initially at equilibrium with the bath, as
reference state for our system we take a product state
ω = ω(1) ⊗ ω(2) ⊗ ω(3) ⊗ . . . , (1)
where ω(k), k = 1, 2, 3, . . ., are single site states, that for simplicity can be assumed to be all
equal to a reference thermal state, at the bath temperature. As a consequence, ω has the
property that given two observables x(k), y(l) at different sites, k 6= l, then: ω(x(k) y(l)) =
ω(x(k))ω(y(l)); this means that in practice ω is uniquely defined by the expectation values
on all observables x ∈M at one site of the double chain, that in the following will be simply
called ω(x).
Most of the physical properties of many-body systems can be obtained by focusing on
collective observables, i.e. on operators involving all system degrees of freedom, which, in
the present situation, means combinations of spin variables at all N sites. In the thermo-
dynamical limit, i.e. when N becomes infinitely large, a suitable scaling with N needs to
be included in the definition of these observables in order to obtain meaningful limiting
operators.
A well-known example of such observables is given by the averages over all sites of a given
spin operator x ∈M:
XN =
1
N
N∑
k=1
x(k) . (2)
As N grows, the sequence of operators {XN} converges to the “macroscopic” observable
X = limN→∞XN . This convergence should be intended in the weak sense, i.e. under state
average.1 In the case of the product state (1), this limit is easily computed:
lim
N→∞
ω(XN) = lim
N→∞
1
N
N∑
k=1
ω(x(k)) = ω(x) ,
since the expectations ω(x(k)) are all equal and independent of k. In practice, one obtains
[5]
X = lim
N→∞
XN = ω(x)1 , (3)
with 1 the identity operator. As a result, the set of all these limiting operators form an
abelian algebra, since all operators commute among themselves; it is called the mean field
algebra and it is known to represent the classical behaviour of the system.
Nevertheless, some of the system quantum properties can survive even in the large N limit:
they are encoded in the so-called fluctuation operators. These are collective observables that
1More precisely, weak convergence means that, given any couple of local operators Y and Z having support
only on a finite number of sites, the sequence ω(Y XN Z) converges in the limit of large N ; because of the
assumed form of the state ω, one further has: limN→∞ ω(Y XN Z) = ω(Y Z)ω(x), and thus limN→∞XN =
ω(x)1.
3
scale as the square root of N ,
X˜ = lim
N→∞
X˜N ≡ lim
N→∞
1√
N
N∑
k=1
[
x(k) − ω(x(k))
]
, (4)
and represent a sort of deviation from (or fluctuation about) the average. One easily sees
that the commutator of two such fluctuation observables is in general nonvanishing, since it
is equal to a mean field operator
[X˜, Y˜ ] = lim
N→∞
[X˜N , Y˜N ] = lim
N→∞
1
N
N∑
k=1
[x(k), y(k)] , (5)
being [x(k), y(l)] = 0 for k 6= l. Recalling (3), this implies that [X˜, Y˜ ] is proportional to
the identity operator, and therefore that the algebra formed by all fluctuation operators
possesses a quantum character, being non-abelian.
The fluctuation algebra is clearly bosonic and look very similar to the Heisenberg algebra
of position and momentum operators; as in that case, the algebra elements X˜ in (4) turn
out to be unbounded operators, their norm diverging as
√
N in the thermodynamical limit.
To avoid convergence problems, it is then convenient to work with the corresponding Weyl
operators, limN→∞ eiX˜N , whose existence in the weak sense is guaranteed by the so-called
quantum central limit [5, 6, 7]. Indeed, defining the following sesquilinear form on the algebra
of fluctuations:
〈X˜, Y˜ 〉ω = lim
N→∞
ω
(
X˜†N Y˜N
)
, (6)
one shows that, for any hermitian spin operator x, the following result holds:
lim
N→∞
ω
(
eiX˜N
)
= e−
1
2
〈X˜, X˜〉ω . (7)
Similarly, products of any number of Weyl operators can be analogously computed; in par-
ticular, one has
lim
N→∞
ω
(
eiX˜N eiY˜N
)
= e−
1
2
(
〈X˜+Y˜ , X˜+Y˜ 〉ω+[X˜, Y˜ ]
)
, (8)
with
[X˜, Y˜ ] = 2i Im(〈X˜, Y˜ 〉ω)1 . (9)
In other terms, in the large N limit, the set of hermitian fluctuation operators {X˜} form a
well defined bosonic algebra, characterized by the commutation relations (9). This algebra
can be appropriately described in terms of the Weyl operators W (x) = eiX˜ and a suitable
Gaussian state ω˜ reproducing all higher order correlations:2
ω˜
(
W (x)W (y) . . .
)
= lim
N→∞
ω
(
eiX˜N eiY˜N . . .
)
. (10)
2Given a state ω over an algebra of operators A, a standard procedure, the so-called GNS construction
[14], allows to build an Hilbert space Hω, generated by a cyclic “vacuum” vector |Ωω〉, and a representation
piω of A into the bounded operators on Hω; further, the expectation of any element X ∈ A is given by the
corresponding vacuum mean value, i.e. ω(X) = 〈Ωω|piω(X)|Ωω〉. Therefore, the Weyl correlations in (10)
reproduce the mean value of any fluctuation observable in any state of the corresponding Hilbert space.
4
We want now to study the dynamics and its possible entanglement generating properties on
the states of this algebra.
As mentioned before, the two chains are assumed to be non interacting, so that the free
system Hamiltonian at finite N will be taken to be of the simple form
HN =
N∑
k=1
H(k) =

2
N∑
k=1
(
σ
(k)
3 ⊗ σ0 + σ0 ⊗ σ(k)3
)
, (11)
with  a constant energy parameter. Being initially at equilibrium with the bath, the state
ω for the system can be written as a product of single site thermal states, see (1), with
ω(k)(·) = Tr[e−βH(k)· ]/Tr[e−βH(k) ].
Because of the presence of the bath, the dynamics of any observable X of the system is
not generated by HN alone; additional pieces accounting for dissipative and noisy effects
will be present. For a weakly coupled bath, using standard techniques [1, 3], a Markovian
equation of Kossakowski-Lindblad form can be derived:
dXt
dt
= i[HN , Xt] + LN [Xt] ≡ LN [X] . (12)
Assuming the bath to be coupled in the same way to all sites, the dissipative part of the
generator can be written as [1, 3]:
LN [X] =
N∑
k,l=1
Jkl
4∑
µ,ν=1
Dµν
[
[V (k)µ , X], V
(l)†
ν
]
, (13)
where {V (k)µ }4µ=1 are the following two-chain operators {σ+ ⊗ σ−, σ− ⊗ σ+, σ3 ⊗ σ0/2,
σ0 ⊗ σ3/2} at site k, with σ± = (σ1 ± iσ2)/2. The matrix D encodes the bath noisy
properties; it will be taken of the following non-diagonal form, depending for simplicity on
a single dissipative parameter γ:
D =

1 0 γ γ
0 1 γ γ
γ γ 1 0
γ γ 0 1
 . (14)
On the other hand, the coefficients Jkl take care of possible couplings between the sites.
3
The condition of complete positivity, essential for assuring the physical consistency of the
dynamics generated by (12) [3], requires [Jkl] ≥ 0 and γ ≤ 1/2. Furthermore, notice that
the four Lindblad operators V
(k)
µ commute with H(k); therefore, the chosen thermal state ω
is left invariant by the finite time dynamics generated by the equation (12): ω ◦ etLN = ω.
3It is reasonable to take Jkl to be translationally invariant and such that
∑N
k,l=1 |Jkl| ' N .
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Although the spin algebra M attached to each site of the double-chain system is 16-
dimensional, we find convenient to focus on the following subset of eight observables that we
orderly label xα, α = 1, 2, . . . , 8,
σ1 ⊗ σ0 , σ2 ⊗ σ0 , σ1 ⊗ σ3 , σ2 ⊗ σ3 ,
σ0 ⊗ σ1 , σ0 ⊗ σ2 , σ3 ⊗ σ1 , σ3 ⊗ σ2 , (15)
and the corresponding fluctuation operators X˜α defined as in (4).
4 By defining the combi-
nations (for β finite):
a1 =
1
2
√
η
[
X˜1 − iX˜2
]
, (16)
a2 =
√
η
2
√
1− η2
[
X˜1 − iX˜2 + 1
η
(
X˜3 − iX˜4
)]
, (17)
with η = tanh(β/2), and the two additional ones b1 and b2 obtained from the previous
ones with the substitution X˜α → X˜α+4, one easily shows that the fluctuation operators obey
standard canonical commutation relations:
[ai, a
†
j] = δij , [bi, b
†
j] = δij , i, j = 1, 2 , (18)
while all other commutators vanish.5 Furthermore, the Gaussian state that reproduce
all the large N Weyl correlations as in (10) is again a thermal state, explicitly given by
ω˜(·) = Tr[e−βH˜ · ]/Tr[e−βH˜ ], where H˜ = ∑2i=1 (a†iai + b†ibi) is the free Hamiltonian for the
fluctuation modes.
The time evolution of the fluctuation operators X˜α in the large N limit is induced by the
microscopic one at finite N generated by the Master Equation (12): limN→∞ etLN [eiX˜N ] =
etL˜[eiX˜ ]. It can be conveniently expressed as acting on the Weyl operators of the four modes
ai, bi, defined in the standard way as (zµ ∈ C, µ = 1, 2, 3, 4)
W (z) = eA(z)
†−A(z) , A(z) =
2∑
i=1
(
ziai + z2+ibi
)
. (19)
One can then show that the induced time evolution is of quasi-free type [6], i.e. mapping
Gaussian states into Gaussian states; it is explicitly given by [15]:
etL˜
[
W (z)] = eϕ(t)W (z(t)) , (20)
4One can show that the remaining eight independent observables in M, complementary to those listed
in (15), give rise to fluctuation operators that in the thermodynamical limit commute with the set {X˜α}.
5In the limit of zero temperature, the algebra of fluctuation contracts, and only the combinations a1 and
b1 survive.
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where the evolution of the four-vector |z(t)〉 with components zµ(t), µ = 1, 2, 3, 4, is linear,
d
dt
|z(t)〉 = M |z(t)〉, with initial condition zµ(0) = zµ and
M =

−1− i 0 −ηγ γ√1− η2
0 −1− i γ√1− η2 ηγ
−ηγ γ√1− η2 −1− i 0
γ
√
1− η2 ηγ 0 −1− i
 , (21)
while ϕ(t) =
(〈z(t)|z(t)〉 − 〈z|z〉)/2η, with 〈z|z〉 = ∑4µ=1 z∗µ zµ, the standard inner product.
Having found the proper time evolution for the fluctuation operators ai, bi, i = 1, 2,
we want now to study its physical properties, in particular, whether it is able to generate
quantum correlations among the two chains in the thermodynamical limit.
More specifically, we shall focus on two modes, a1, that, involving only the fluctuation
operators X˜1, X˜2, pertains to the first chain, and b1, that instead involves X˜5, X˜6 and thus
belongs to the second chain (cf. the corresponding single site observables in (15)). For
generality, as initial state at time t = 0 we shall take a squeezed thermal state, formed
by the thermal state ω˜ at inverse temperature β introduced above, further squeezed with a
common real parameter r along the modes a1 and b1. In order to see whether at a later time
t these two modes can get entangled by the action of the fluctuation dynamics in (20), we
focus upon the properties of the reduced state obtained by tracing the full, four-modes state
over the two modes a2 and b2.
Since the initial state is Gaussian and the dynamics Gaussian preserving, all information
concerning the time behaviour of the reduced, two-mode state is contained in its 4 × 4
covariant matrix [σ]µν =
1
2
〈{Aµ, A†ν}〉, where Aµ = (a1, a†1, b1, b†1) and 〈·〉means state average.
Applying the partial transposition criterion to the case of Gaussian states [16], one can
show that entanglement is present among the two modes a1 and b1 if the smallest of the
symplectic eigenvalues ξ of the partially transposed covariant matrix is negative.6 Actually,
the logarithmic negativity, defined as [17]
E(t) = max{0, − log ξ} , (22)
gives a measure of the entanglement content of the state.
As clearly shown by the figures below, reporting the behavior in time of E(t), the dissi-
pative, mesoscopic dynamics (20) of the fluctuation algebra can indeed generate quantum
correlations starting from the chosen, completely separable initial state, with a nonvanishing
squeezing parameter r. More specifically, the amount of the created entanglement increases
as the dissipative parameter γ gets larger (cf. Fig.1), while it decreases and lasts for shorter
times as the initial system temperature increases (cf. Fig.2). (In both figures, we have taken
the energy parameter  to be one.)
6Note that the reduced two-mode covariant matrix σ is a principal minor of the full covariant matrix Σ
involving all four modes ai, bi, i = 1, 2; therefore, if the reduced state with covariance σ is found entangled
through the partial transposition criterion, a fortiori the same can be said for the full four-mode state with
covariance Σ.
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In conclusion, we have shown that two independent, infinite spin-1/2 chains can become
entangled at the mesoscopic level through a purely dissipative mechanism, via the action of
a common heat bath.
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Figure 1: E(t) for various values of the dissipative parameter γ, with fixed temperature
T = 0.1 and squeezing r = 1.
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Figure 2: E(t) for different values of the temperature, with fixed dissipative, γ = 0.5, and
squeezing, r = 1, parameters.
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